Lax Pairs for the KdV equation

First we definethe Hamiltonian operator :
in[f146):= H= (4 D[#, {X, 3}]1 -3 (D[u[x] *#, X] +u[x] *D[#, X])) &

outf146]= 4 9(x, 3381 -3 (Ox (U[X] H#1) +U[X] OxH1l) &

Example forthe use of the Hamiltonian:
inf129:= H[X" 4]

ouizo)= 96 x -3 (8x3u[x] +x*u [x])
Next, define the Schroedinger operator :

n3s)= L= (-D[#, {X, 2}] +uU[X] *#) &

ou135]= —-Ox,23 Bl + U [X] #1 &
Example:

In[136]:= L[x"2]

ou136)= -2 + X2 U[X]

Applying the L tothe Hto an arbitrary function:
in[1421= LeHef [x]
ouazi= UX] (-3 (Qu[x] f/[x] +f [xJu[x]) +4f® [x])+
3(5ux)f ix] +4f [x]u”[x]+2u[x]f @ [x]+f[x]u® [x])-4f® [x]
Applyingthe Hto the L and to an arbitrary function:
in[143:= HeLef [x]
ouaz= =3 (U [x] (F[xJu[x] -f7[x]) +2ulx] (ulx]f (x]+f[x]u(x]-f3[x]))+

4 (3uix]frix] +3f xJu”ix]+ulx] @ [x]+f[x]u® [x]-f®[x])

The commutator, [L, H], isthedifference betweenthetwo operators above

in[149)= LeHef [x] - HeLef [x]

ouaor= 3 (U [x] (F[xJu(x] -f7[x]) +2u[x] (u[x]f [x]+f[xJux]-f®[x]))+
urx] (-3 (2ux]frix] +fxJu[x]) +4f 3 [x]) +

3(5u[x]fix]+4f [x]u’(x]+2u[x]f®[x]+f[x]u®[x])-

u’[ f

X
4 (3ux] frx] +3f [x] x]+ulx] @ x]+f [x]u® x] -f O [x])-4f 5 [x]

Looks bad, but:

in[150:= % // Expand

ouso= 6 F [xJu[x] u [x] -f[x]u® [x]
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whichis f[x]times the KdV equation.



