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Problem 1

If we assume φ(z = 0) = 0, then on the symmetry axis we have

B = ∇φ ⇒ φ =
∫

B · dl =
∫ z

0

µ0I

2
R2

(R2 + z2)3/2
dz =

µ0I

2
z√

R2 + z2

When z À R

φ(on the symmetry axis) =
µ0I

2
z√

R2 + z2
=

µ0I

2

(
1− 1

2
R2

z2
+

3
8

R4

z4
− 5

16
R6

z6
+ · · ·

)

⇒φ(r) =
µ0I

2

(
1− 1

2
R2

r2
P1(cos θ) +

3
8

R4

r4
P3(cos θ)− 5

16
R6

r6
P5(cos θ) + · · ·

)

∴ B =∇φ =
∂φ

∂r
r̂ +

1
r

∂φ

∂θ
θ̂

=
µ0I

2

(
R2

r3
P1(cos θ)− 3

2
R4

r5
P3(cos θ) +

15
8

R6

r7
P5(cos θ) + · · ·

)
r̂

+
µ0I

2

(
−1

2
R2

r3

dP1(cos θ)
dθ

+
3
8

R4

r5

dP3(cos θ)
dθ

− 5
16

R6

r7

dP5(cos θ)
dθ

+ · · ·
)

θ̂

Therefore, at very large distance, the first order term of the magnetic field is

B =
µ0I

2

(
R2

r3
P1(cos θ)r̂− 1

2
R2

r3

dP1(cos θ)
dθ

θ̂

)
=

µ0

4π

IπR2

r3

(
2 cos θr̂ + sin θθ̂

)

,which is exactly the magnetic field of a simple dipole with dipole moment m = IπR2.
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Problem 2

A =
µ0

4π

∫
J(r′)
|r− r′|dτ ′

⇒∇ ·A =
µ0

4π

∫
∇ ·

(
J(r′)
|r− r′|

)
dτ ′

=
µ0

4π

∫
J(r′) · ∇

(
1

|r− r′|
)

dτ ′

= −µ0

4π

∫
J(r′) · ∇′

(
1

|r− r′|
)

dτ ′

= −µ0

4π

∫ (
∇′ ·

(
J(r′)
|r− r′|

)
− ∇′ · J(r′)

|r− r′|
)

dτ ′

= −µ0

4π

(∮
J(r′)
|r− r′| · da−

∫ ∇′ · J(r′)
|r− r′| dτ ′

)

Because the current distribution is localized, the surface integral of the first term is zero. Further-
more, the second term is also zero because the magnetostatics condition.(∇ · J = 0)

Problem 3

Use Eq. (5.38), we have

B(z) =
µ0I

2
R2

(R2 + z2)3/2

dB =
µ0dI

2
R2

(R2 + z2)3/2

=
µ0nIdz

2
R2

(R2 + z2)3/2

∴ B =
∫

µ0nIdz

2
R2

(R2 + z2)3/2

=
µ0In

2
(cos θ1 − cos θ2)

(Ps. See the figure 5.25)

Problem 4

(a)

Bave =
1

4
3πR3

∫
B dτ =

1
4
3πR3

∫
(∇×A) dτ

=− 1
4
3πR3

∫

s
A× da = − 1

4
3πR3

∫

s

µ0

4π

∫
J(r′) dτ ′

|r− r′| × da
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We have to do the surface integral first. By symmetry, we can easily argue that
∫
s

1
|r−r′|da

is proportional to (or in the same direction of) r′, which means
∫

s

1
|r− r′|da = const · r′

Therefore,
∫

s

1
|r− r′|da =

∫

s

1
|r− r′|(r̂

′ · da)r̂′

=
∫ 2π

0
dφ

∫ π

0
dθ

R2 sin θ cos θ√
r′2 + R2 − 2Rr′ cos θ

r̂′

= 2πR2 (r′ + R)(r′2 − r′R + R2)− (|r′ −R|)(r′2 + r′R + R2)
3r′2R2

r̂′

=
{ 4π

3 r′ if r′ < R
4π
3

R3

r′3 r
′ if r′ > R

For currents are all within the sphere, r′ < R

⇒ Bave = − 1
4
3πR3

∫

s

µ0

4π

∫
J(r′) dτ ′

|r− r′| × da

= − 1
4
3πR3

µ0

4π

∫
J(r′)× 4π

3
r′ dτ ′

=
µ0

4π

2m
R3

(b) For currents are all outside the sphere (r′ > R), we have

Bave = − 1
4
3πR3

∫

s

µ0

4π

∫
J(r′) dτ ′

|r− r′| × da

= − 1
4
3πR3

µ0

4π

∫
J(r′)× 4π

3
R3

r′3
r′ dτ ′

= −µ0

4π

∫
J(r′)×

(
r̂′

r′2

)
dτ ′

=
µ0

4π

∫
J(r′)×∇′

(
1
r′

)
dτ ′

The field which the steady currents produce is

B(r) = ∇×A =
µ0

4π

∫
∇×

(
J(r′)
|r− r′|

)
dτ ′

= −µ0

4π

∫
J(r′)×∇

(
1

|r− r′|
)

dτ ′

=
µ0

4π

∫
J(r′)×∇′

(
1

|r− r′|
)

dτ ′

⇒ B(0) =
µ0

4π

∫
J(r′)×∇′

(
1
r′

)
dτ ′

= Bave
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Problem 5

(a)

Jb = ∇×M = −kφ̂

Kb = M× n̂ = kRφ̂

Then we can use Ampere’s law to find the magnetic field. Using the same argument and
Ampere loop as example 5.9, we can easily get

B =
{

µ0ks ẑ s ≤ R
0 s > R

(b) Because there is no free current anywhere, we can easily deduce H = 0 everywhere. Using
B = µ0(H + M), we can get

B =
{

µ0ks ẑ s ≤ R
0 s > R

the same as (a)

Problem 6

(a) From Eq. (6.16), we know that the field inside the sphere with magnetization −M is −2
3µ0M.

Therefore, by superposition principle, the field at the center of the cavity is (B0 − 2
3µ0M).

Furthermore, H = B
µ0

= H0 + 1
3M

(b) Using Eq. (6.20), it is easy to get that the field inside a long needle-shaped material with
magnetization −M is −µ0M. Therefore, the field at the center of the cavity is (B0 − µ0M),
and H = B

µ0
= H0

(c) The same method as above, the field at the center of the cavity is B0, and H = B
µ0

= H0 +M
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