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PROBLEM SET 5

1.

First, we need to consider the case where the two conductors are perfect conductors. We will model the parallel
plate conductors as a series of small sections of length dl and consider a section with the ends located at l and l+dl.
The capacitance and inductance between neighboring sections of the two plates are

dL=µ0ddl/W

dC=ε0Wdl/d

The change in the voltage across a section is then given by

V(l+dl)=V(l)-iωIdL

V(l+dl)-V(l)'dV=-iωµ0Iddl/W

dV/dl=-iωµ0dI/W

In a similar fashion, the change in the current along the length must take account of the capacitor.

dI=-iωdCV

dI/dl=-iωε0W/d

Simply choose one equation, take the derivative with respect to dl.

d2I/dl2 + Iω2ε0µ0=0

Now we consider the case where the conductivity of one conductor is dominated by the kinetic inductance of the
electrons (ωτ�1). In this case

σ=(ne2τ/m)/(1-iωτ)'ine2/mω

ρ=1/σ=-i(m/ne2)ω

Now consider the conductivity of the imperfectly conducting plate. Taking account of the number of carriers, and
the width and length of the strip, we find:

V=Iρdl/W=-iI(m/ne2)ωdl/W

Note the similarity to the above voltage drop associated with the inductor, particularily the ω dependence. Thus,
we can lump the two terms together in our derivation of the differential equation for I.

The ordinary magnetic field inductance will be negligible when

(m/ne2)�µ0

The characteristic impedance of the line is

dV/dl=-iωLI

dI/dl=-iωCV
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V/I=L/C*(dI/dl)/(dV/dl)

However

dI/dl=-iω(LC)1/2I=dV/dl(C/L)1/2

V/I=(L/C)1/2=((m/ne2W)/(ε0W/d))1/2=(md/(ne2ε0W2))1/2

2.

See the final pages for a derivation of
−→
B and

−→
E . Note that c in this problem has been relabeled d, and oriented

along the z-axis. Then a=.5 cm, b = .5 cm, and d = 1.0 cm. For the lowest mode, n=1, and either l=1 and m=0, or
l=0 and m=1 (we will choose l=1, m=0). We neglect l=0 and m=0 because it is a trivial solution.

ω= cπ
ad (a2+d2)1/2

Ex=0

Ey=(iB0ωa/π)sin(πx/a)sin(πz/d))e−itω

Ez=0

Bx=(-B0a/d)sin(πx/a)cos(πz/d))e−itω

By=0

Bz=(B0)cos(πx/a)sin(πz/d))e−itω

The energy stored in the mode is given by the integral of B2 and E2 over the entire resonator volume and average
over time.

U=1/2
∫
ε0E∗E + B∗B/µ0

U=(1/2)B0
2(ε0(aωπ )2+(a2/d2+1)/(µ0))*(abd/4)

U=(1/2)B0
2(ε0c2 a2+d2

d2 +(a2/d2+1)/(µ0))*(abd/4)

U=(1/2)abdB0
2(a

2+d2

d2 )/(µ0))
As per the class notes, the energy loss at a conducting surface is given by

−→
J ·
−→
E=K2/(δ2σ)

δ'(2/µ0ωσ)1/2

−→
K×n̂ =

−→
B/µ0

To consider the loss in the cavity, we must consider the surfaces with a paralell magnetic field; in this case, x=0,
x=a, y=0, y=b, z=0, and z=d. We need to average the over the entire area of each side, up to the penetration depth,
and over time as well.

I. x=0,a∫
K2=

∫
B2
z/µ0=B2

0bdδ/4

−→
J ·
−→
E=K2/(δ2σ)=(B2

0bd/4µσδ)
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For 2 sides, the power dissipated will be doubled.

Px=(B0/(µ))2bd/2µσδ)

II. y=0,b

We need to perform similar calculation as above, except accounting for both Bz and Bx. The result is

Py=(B0/(µ))2ad/2µσδ)(1+(a2)/(d2))

III. z=0,d

We solely need to account for Bx.

Pz=((B0/(µ))2ab/2µσδ)(a2)/(d2))

The total power dissipated is then

Pt=(B0
2/2σµ0δ))(bd + ad + a3/d + a3b/d2)

The quality factor is given by the total energy over the power dissipated over one period, or

Q=ωU/Pt=abd(1+d2/a2)/δ(bd + ad + a3/d + a3b/d2)

Q∼3*104










